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Abstract
We investigate the effect of the discontinuity on the acoustic phonon transmission and thermal conductance in a dielectric
quantum waveguide at low temperatures by using the scattering matrix method. It is found that the total transmission coefficient versus the reduced frequency exhibits strong resonant behavior. The reduced thermal conductance exhibits a universal
quantization at low enough temperatures, independent of the parameters of structure, and decreases below the ideal universal
value for the low temperatures due to the strong scattering of phonons by the discontinuity. A comparison between different
discontinuity structures is made. Our results show that the transmission coefficient and thermal conductance sensitively depend
on the geometric configurations.
 2005 Elsevier B.V. All rights reserved.
PACS: 63.22.+m; 73.23.Ad; 44.10.+i

1. Introduction
Thermal transport in nanoscale systems whose dimensions are comparable to or less than the wavelength of thermal phonons has attracted intensive attention during the last decade [1,2]. The diffusive
phonon transport and thermal conductivity in various
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kinds of nanostructures, such as thin film [3,4], quantum well [5], superlattices [6,7], nanowires [8–10],
one-dimensional glass [11], and nanotube [12–14]
have been studied experimentally and theoretically. In
recent years, significant progress has also been made
in the understanding of the ballistic phonon transport in these systems at low temperatures. One of the
most striking phenomena is that theoretical analyses
of phonon transport predict a thermal conductance K
that is independent of the geometry and nature of the
material [15], and a universal value K/T = π 2 kB2 /3h
at low enough temperatures [16,17]. These theoretical
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predications was then confirmed by Schwab et al. [18]
in tiny suspended silicon nitride devices. Their elegant experiment also showed a decrease in the thermal
conductance below the universal value in low temperature except for the universality of ballistic phonon
transport. This was also explained by Santamore et al.
in terms of the scattering of thermal phonons of surface roughness [19,20]. These works motivate further
investigations of the ballistic thermal conductance in
a thin plate, [21] four-terminal mesoscopic dielectric
system [22], single-walled boron nitride nanotubes
[23], a curved wire [24], carbon nanotubes [25], and
so on.
More recently, Li and co-workers calculated the
phonon transmission and thermal conductance in the
quantum waveguide structures with use of the scattering matrix method [26–28]. Some interesting features are revealed, such as acoustic phonon mode
splitting behavior and the noninteger quantized thermal conductance in an asymmetric y-branch three
terminal junction [28], and phonon transmission and
thermal conductance can be controlled by adjusting
the parameters of the stub in a T-shaped waveguide
structure [27]. It is also found that the transmission
coefficient is of quantum characteristic in the widenarrow-wide (WNW) quantum structure [26]. In fact,
all these structures can be classified as discontinuity
quantum waveguides. In the present Letter, we use
a scalar model for the elastic waves [15,19,21,22] to
investigate the phonon transmission and thermal conductance in a narrow-wide-narrow (NWN) quantum
waveguide structure, schematically shown in Fig. 1.
Here the discontinuity in the waveguide structure is

Fig. 1. Two semi-infinite quantum wires I and II with transverse
dimension WI are connected by the cavity with length L. The transverse dimension of the cavity is WII . The heights of the lower and
upper stubs denote as h1 and h2 , respectively.

only in the y direction so that the solution may be
assumed to be independent of the z coordinate without any loss of generality. We also employ the scattering matrix method [29–31], which is an effective
method to calculate the electronic or phonon transport
in one-dimensional or quasi-one-dimensional mesoscopic systems. Our results show some interesting
properties of the phonon transmission and thermal
conductance in such a discontinuity structure, which
is very different from those presented in the other discontinuity quantum waveguides [26,27].
In the next section, we present a brief description
of the model and the necessary formulae used in calculations. In Section 3, the results of the numerical
calculations are given with analyses. Finally, we summarize our results in Section 4.

2. Model and formalism
The geometry we consider is a narrow–wide–
narrow (NWN) wave-guide-like structure, as sketched
in Fig. 1. The main part of the structure is a uniform waveguide with transverse dimension WI . The
region II consists of three parts: a segment of the main
waveguide, the lower, and upper stubs with longitudinal dimension L. The heights of the lower and upper
stubs are h1 and h2 , respectively. We assume that the
temperatures in regions I and III are T1 and T3 , respectively; and the temperature difference δT (δT =
T1 − T3 > 0) is very small, i.e., δT  T1 , T3 [17]. So
the mean temperature T [T = (T1 + T3 )/2] can be
adopted as the temperature of regions I and III in following calculations. In the general three-dimensional
case, if the three regions have the same thickness,
which is small with respect to the other two dimensions and also to the wavelength or the coherence
length of the elastic waves, there is no mixing of the
z modes and a two-dimensional calculation is adequate [15,19,21,22]. Considering imperfect contact at
the regions I and III, the expression for the thermal
conductance K at temperature T is given by [15–17]
∞
ω2 eβ h̄ω
h̄2  1
τ
(ω)
dω.
K=
m
kB T 2 m 2π
(eβ h̄ω − 1)2

(1)

ωm

Here τm (ω) is the transmission coefficient from mode
m of region I at frequency ω across all the interfaces
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into the modes of region III; ωm is the cutoff frequency
of the mth mode; β = 1/(kB T ), kB is the Boltzman
constant, T is the temperature; and h̄ is the Planck’s
constant. Here the integration is over the frequency ω
of the modes m propagating in the structure. The effect of scattering is introduced through the transmission coefficient τm (ω), which for continuity case (i.e.,
h1 = h2 = 0), τm (ω) = 1. The essential issue to calculate the thermal conductance is then to calculate the
transmission coefficient, τm (ω).
As discussed in the introduction, we use the scalar
model for the elastic wave, and model a thin geometry
at low temperature so that a two-dimensional calculation is adequate. Considering the horizontally polarized wave (SH) (polarized along the z direction)
propagating in the x direction, the displacement field u
satisfies the wave equation
∂ 2u
2
− vSH
∇ 2 u = 0,
(2)
∂t 2
where the SH wave velocity vSH is related to the mass
density ρ and elastic stiffness constant C44

vSH = C44 /ρ.
(3)
The stress-free boundary conditions apply at the edges
n̂ · ∇u = 0,

(4)

with n̂ being the edge normal. The phonon displacement field equations in region ζ (regions I, II, and III)
can then be written in the form
uζ (x, y) =

N



ζ

ζ ikm (x−xζ )
e
gm

m=0

ζ
 ζ
+ hζm e−ikm (x−xζ ) φm
(y),

(5)

where xζ is the reference coordinate along the x direction for region ζ . gm and hm are constants to be deζ
termined by matching the boundary conditions. φm (y)
[ζ : I, II, and III] represents the orthogonal transverse
mode m in region ζ


 W2 cos mπ
Wζ y (m = 0),
ζ
ζ
φm (y) =
(6)

 1
(m
=
0);
Wζ
ζ

km can be expressed in terms of incident phonon freζ
quency ω, the SH wave velocity vSH , and the trans-

247

verse dimension Wζ of region ζ by the energy conservation condition
ζ2
=
km

ω2
ζ
vSH 2

−

m2 π 2
.
Wζ2

(7)

In principle, the sum over m in Eqs. (5)–(7) includes all propagating modes and evanescent modes
ζ
(imaginary km ). However, in the real calculations, we
take all the propagating modes and several lowest
evanescent modes into account to meet the desired precision. The matching conditions are determined by the
requirement of continuity of the displacement u and
the stress C44 ∂u/∂x at the interfaces I–II and II–III
uI (x = 0, y) = uII (x = 0, y),



 I
∂u (x, y)/∂x x=0 = ∂uII (x, y)/∂x

(8)
x=0

uII (x = L, y) = uIII (x = L, y),



 II
∂u (x, y)/∂x x=L = ∂uIII (x, y)/∂x

,

(9)
(10)

x=L

.

(11)

I (y), Eqs. (9) and (10)
Multiplying Eq. (8) by φm
II
III (y), respectively, and
by φm (y), and Eq. (11) by φm
then integrating over y, we obtain the equations for
the coefficients in Eqs. (5)–(7) required. After rewriting the resulting equations in the form of matrix, we
can derive the transmission coefficient τm by the scattering matrix method [29–31].

3. Numerical results and discussion
To envisage the effect of the discontinuity on the
thermal conductance, we begin with the study of the
transmission coefficient through the structure, as depicted in Fig. 1. In the following numerical calculations, we always choose the parameters: WI = 12 nm
and L = 12 nm, and employ the values of elastic stiffness constant and the mass density [32]: C44 (GaAs) =
5.99(1010 N m−2 ), and ρ(GaAs) = 5317.6(kg m−3 ).
We first display the dependence of the total transmission coefficients on the reduced frequency ω/∆ for
different stub heights h2 in Fig. 2. Here, ∆ = ωm+1 −
ωm = πvSH /WI (vSH is the acoustic wave velocity in
structure) denotes the splitting of the cutoff frequency
between the (m + 1)th and mth modes in region I. As
the stubs is absent, i.e., h1 = h2 = 0, the total transmission coefficient shown in curve a in Fig. 2(a) exhibits perfect transmission steps and an abrupt jump
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Fig. 2. Total transmission coefficient as a function of the reduced
frequency ω/∆ of the incident phonons for the different heights h2 .
(a) Curves a–d correspond to the different heights h2 = 0, 1, 12,
and 40 nm, respectively. Here h1 = h2 . (b) Curves a–d correspond
to the different heights h2 = 0, 1, 6, and 40 nm, respectively. Here
h1 = 12 nm. Two consecutive curves are vertically offset by two
units for clarity. Hereafter, we always choose WI = 12 nm and
L = 12 nm in calculations.

always locates just at an integer reduced frequency.
This is due to the structure becoming a continuity
quantum waveguide. When h1 and h2 are increased
to 1 nm simultaneously, the transmission plateaus are
observed to resolve into a number of peak-dip structures, except the first plateau being almost unchanged.
With further increase of the heights h1 and h2 , the
transmission spectra display more complex oscillation
behaviors (see curves c and d in Fig. 2(a)), and the
lowest plateau also resolves into a peak-dip structure.
When the height h1 is fixed (i.e., 12 nm), however, we
can see from Fig. 2(b) that the total transmission coefficient exhibits rather complicated oscillation behavior
ever for h2 = 0, and also becomes more and more
complicated with the increase of h2 . These phenomena can be well understood. Increasing the heights h1
and/or h2 leads to a lowering of the cutoff frequency
of the propagating wave along the stubs. Thus, more
modes can be excited in region II when the height of
the stubs h1 and/or h2 are higher. These modes will
interfere with each other due to the multiple reflection of the phonon waves in region II. As a result, the
more complex transmission spectra are observed. Note

that at ω → 0, the transmission coefficient approaches
unity and is independent of the sizes of the scattering
region II (i.e., L and WII ), unlike the case of electrical transport, where the transmission is always close to
zero when the energy of the incident electron εF < ε1
(ε1 is the threshold energy of the lowest mode). The
reason is that the stress-free boundary condition allows
the propagation of the acoustic mode with ω → 0. As
to why at ω → 0, the transmission coefficient is independent of the sizes of the scattering region II is
due to that at ω → 0, the wavelength of the phonon is
very large, and much larger than the dimension of the
scattering region, the displacement field u becomes essentially the same throughout.
An interesting result in Fig. 2 is that the stopfrequency, at which all phonons are reflected completely, is clearly visible when ω/∆  1.0. Further
calculations show that the stop-frequency only occurs
when one of the heights of the stubs is equal to, or
larger than the width of the main wire WI , and the
number of the stop-frequency increases with increasing the heights of the stubs. However, these phenomena cannot be observed in the WNW quantum structure [26]. This may be generally interpreted by the
fact that the total reflection is governed by the coupling strength of the propagating lowest-order mode
and the excited modes in region II. It is known that
the coupling strength can be expressed by the overlap
of the transverse functions of the incident wave and
I (y)φ II (y) dy, where m
the excited waves: Qmn = φm
n
and n are indices of the transverse modes in region I
and region II, respectively. When the lowest mode 0
propagates from the narrow region I through the NWN
quantum structure, more than one transverse mode can
be excited in the wide region II. At this case, the overlap of the transverse functions of√the incident wave and
the excited waves are: Q00 = WI /WII , and Q0n =
√
2WII /WI [sin(nπ(WI +h1 )/WII )−sin(nπh1 /WII )]/
nπ , (n = 0). Thus, it is possible that the total reflection
occurs at certain frequencies only when WII and h1
are large enough, at which sufficient excited evanescent modes in region II interfere with the propagating
lowest-order mode. In the WNW quantum structure,
however, when the incident wave is only the lowest
mode 0, only mode 0 can be excited in the scattering
region II, and so, the overlap, Q00 = 0, and Q0n = 0.
This indicates that there is no coupling between the
propagating lowest-order mode and the excited modes
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(a)

(b)
Fig. 3. Transmission coefficients for the three lowest modes as a
function of ω/∆: (a) for h1 = h2 = 1 nm, (b) for h1 = h2 = 12 nm.
(a1)–(a3) and (b1)–(b3) correspond to τ0 , τ1 , and τ2 , respectively.

except mode 0. As a consequence, the propagating
phonons cannot be reflected totally.
In order to further reveal the transmission properties, Fig. 3 illustrates the individual modal transmission coefficients of the first three lowest modes.
It is clear that for the incident modes with same index m, the transmission coefficient spectra becomes
more complex as the heights h1 and h2 are increased
simultaneously. We can also find from Fig. 3 that the
threshold frequency of the onset of transmission for
each mode occurs just at the corresponding integer reduced frequency ω/∆. For the WNW quantum structure, however, the onset of transmission can be observed at the noninteger induced frequency ω/∆, and
the interval of the jumps of two consecutive modes
is larger than one integer reduced frequency ω/∆ at
certain parameters (see Fig. 3 in Ref. [26]). These
phenomena can be understood qualitatively by taking
into account that, due to different types discontinuities, the coupling of the modes in the scattering region
is very different. In NWN quantum waveguide, the
phonons propagate from a narrow region with very
sparse modes to a wide region with dense modes.
However, the reverse case is for the WNW structure.
These results indicate that the different kinds of dis-

Fig. 4. Transmission coefficient versus the height h2 and the incident phonon frequency ω/∆, where ∆ = ωn+1 − ωn = π vSH /WI
(vSH is the acoustic wave velocity in GaAs) represents the splitting of the cutoff frequency between the (n + 1)th mode and the nth
mode in the region I. (a) for h1 = h2 ; (b) for h1 = 12 nm.

continuities have quite different effects on the individual modal transmission.
To show more clearly the individual modal transmission properties, we study the transmission coefficient dependence on the height h2 and the incident
phonon frequency ω/∆ for the mode 0 in the structure, as shown in Fig. 4. It is clearly observed that
as ω → 0, the transmission coefficients always approach unity, and is independent of the height h2 . This
indicates that the phonons are not scattered by the region II due to the presence of the stubs for incident
acoustic phonon with ω → 0, as it is aforementioned.
Fig. 4 also shows that the transmission coefficient exhibits a periodic pattern as a function of h2 . The periodic oscillating behavior is more clearly displayed
in Fig. 5 and can be generally interpreted as follows.
In region II, the propagating and
 reflected waves hav2 − m2 π 2 /L2 ,
II
ing same wavenumber, km = ω2 /vSH
interfere with each other and form a standing wave
inside the stubs. The waves reflected by the stubs
will interfere with the propagating waves in the main
waveguide. When the phase shift between the incident wave in the main waveguide and the reflected
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Fig. 5. Transmission coefficient as a function of the the height h2 for
different frequencies in Fig. 4: the dash-dotted, solid, and dashed
curves in (a) and (b) are for ω/∆ = 0.3, 0.6, and 1.0 in Fig. 4(a)
and (b), respectively. (a) for h1 = h2 ; (b) for h1 = 12 nm.

wave by the stubs is just equal to 2nπ , the transmission will be reinforced and τ0 = 1; while the phase
shift is (2n + 1)π , the transmission coefficient, τ0 ,
is zero. Consequently, a periodic oscillation appears
in the transmission spectra and the period, h2 , of
the oscillation can be obtained from 2k0 h2 = 2π ,
namely h2 = π/k0 = λ0 /2. Moreover, it is clearly
seen from Figs. 4 and 5 that the transmission features
for the case of h1 and h2 increasing simultaneously are
very different from those for the case of h2 being increased but h1 fixed. These results may be helpful for
the design of phonon devices.
Next, we turn to investigate the influence of the discontinuity on the thermal conductance. Fig. 6 shows
the thermal conductance divided by temperature reduced by the zero-temperature universal π 2 kB2 /3h as
a function of the reduced temperature kB T /h̄∆SH for
different heights h2 . Fig. 6(a) is for the total thermal conductance, and Fig. 6(b)–(d) correspond to the
reduced thermal conductance of mode 0, 1, and 2,
respectively. It should be pointed out that the total
thermal conductance is the summation of the thermal
conductance of the first six modes. It can be clearly
seen from Fig. 6(a) that at the temperature T → 0
where only the lowest mode (m = 0) is excited, the

Fig. 6. Thermal conductance divided by temperature reduced by the
2 /3h as a function of the rezero-temperature universal value π 2 kB
duced temperature kB T /h̄∆ for the different heights h2 . (a) is for
the total thermal conductance, and (b)–(d) for the thermal conductance of mode 0, 1, and 2, respectively. The dotted, dash, solid, and
dashed-dotted curves correspond to h2 = 0, 3, 20, and 30 nm, respectively. Here we take h1 = h2 .

value of thermal conductance, K/T , approaches the
ideal universal value, π 2 kB2 /3h, and is independent of
the heights of the stubs. We emphasize, again, that at
the T → 0, the wavelength of the incident phonons
is much larger than the dimensions of the region II,
the scattering of phonons by the stubs is negligible.
For a continuity waveguide (i.e., h1 = h2 = 0), a thermal conductance plateau appears at low temperatures
due to no scattering(see Fig. 6(a)). With an increase of
temperature, T , the plateau terminates and the value
of K/T linearly increases. This is because the higher
transverse modes (m >0) are excited and contribute
to the thermal conductance at higher temperatures (as
shown in Fig. 6(c) and (d)). This accords with the fact
that at a higher temperature the energy contributed by
each mode is given by classical equipartition and the
two-dimensional heat cavity is proportional to T 2 , and
so the value of K/T ∝ T . When the stubs exist, we
can find from Fig. 6(a) that the reduced total thermal
conductance decreases from the universal value to a
minimum at low temperatures, then increases gradually with increasing temperature. From Fig. 6(b), we
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find that the reduced thermal conductance of mode 0
is a constant for the continuity waveguide, and the
change is same as that of the total thermal conductance
when the heights of the stubs increase. The upturn in
the reduced thermal conductance of mode 0, K/T ,
arises from the reduced scattering as the wave vectors
of mode 0 increase with temperature [19]. On the contrary, the reduced thermal conductance of the higher
modes (i.e., m = 1, 2, 3, . . .) increases monotonically
with temperatures (see Fig. 6(c) and (d)). Thus, the
scattering of the mode 0 is responsible for the decreasing of the reduced total thermal conductance K/T ,
but the subsequent increase is due to the combined
effect of the mode 0 and thermal excitation of the
higher modes. Moreover, we find from Fig. 6(b)–(d)
that the reduced thermal conductance K/T decreases
with the increase of the index m. By calculation it is
found that the reduced thermal conductance of mode 6
is very small over the whole temperature range examined. Therefore, we take the summation of the thermal
conductance of the first six modes as the total thermal
conductance.
It is also obvious from Fig. 6(a) and (b) that with
an increase of h1 and h2 simultaneously, both the reduced total thermal conductance and the reduced thermal conductance of mode 0, K/T , shift down, and the
change is more sensitive to the smaller h2 . At higher
temperatures (> 0.14), however, a reverse case occurs
where the reduced thermal conductance is increased
with increasing h2 when the height h2 > 20 nm. Further calculations show that when h2 > 30 nm, the
variation of the reduced thermal conductance is very
small. From Fig. 6(c), we find that with the increase
of h2 and h1 , the value K/T of mode 1 decreases
first, and reaches a minimum when h2 = h1 = 20 nm,
then increases until h2 > 30 nm. However, the dependence of the reduced thermal conductance of mode 2
on h1 and h2 is rather complicated: the value K/T
varies between the values h2 = h1 = 20 and 30 nm.
These results indicate that the temperature dependence
of the thermal conductance of different modes is very
different due to the different coupling strength between the incident modes and the scattering modes
for different indexes of the modes and temperature.
The striking feature in Fig. 6 is that when the stubs
exist, the values of the total and individual thermal
conductances are much less than that in the continuity case, indicating that the scattering is important
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Fig. 7. Thermal conductance divided by temperature reduced by the
2 /3h as a function of the rezero-temperature universal value π 2 kB
duced temperature kB T /h̄∆ for the different heights h2 . (a) is for
the total thermal conductance, and (b)–(d) for the thermal conductance of mode 0, 1, and 2, respectively. The dash-dotted, dotted,
dashed, and solid curves correspond to h2 = 0, 9, 12, and 15 nm, respectively. Here we take h1 = 12 nm. Note that the dashed and solid
curves in (d) are almost superposed.

over the whole reduced temperature range examined
(< 1.0). These results originate from the significant
reduction of the total transmission coefficient due to
strong scattering of phonons by the stubs, as shown in
Fig. 2.
When fix h1 = 12 nm, there is no thermal conductance plateau, even for h2 = 0, as shown in Fig. 7(a).
At low temperatures (< 0.2), the reduced total thermal conductance decreases with increasing h2 , and
the change becomes more and more slower as the
height h2 is increased. When the reduced temperature is higher (> 0.2), at small height, h2  9 nm,
the conductance decreases due to the reduction of the
phonons transmission with increasing h2 . At intermediate height, 9 < h2  12 nm, the conductance increases as the height h2 is increased. With a further
increasing of the height h2 , the conductance decreases
with increase of the height h2 . Further calculations
show that when h2 > 15 nm, the change of the total
thermal conductance is very small. In order to explore
these phenomena, we also present the reduced thermal
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conductances of individual modes in Fig. 7(b)–(d).
From Fig. 7(b), we can see that the reduced thermal
conductance of mode 0 decreases with increasing h2 ,
and the change becomes very slow when h2 > 9 nm.
However, the change of the thermal conductance of
mode 1 and mode 2 is same as that of the total thermal
conductance, and the values at h2 = 12 and 15 nm are
larger than that at h1 = 9 nm (see Figs. 7(c) and (d)).
Thus, it is the combination of the three modes leads
to the behaviors of the total K/T . From the results
obtained above, it can be concluded that the variation
of the thermal conductance is different for the different configurations. Therefore, we can control the heat
conductance to some extent by adjusting the structural
parameters.
4. Summary
We have investigated the effect of the discontinuity on the phonon transmission and thermal conductance in the narrow-wide-narrow quantum waveguide
at low temperatures by employing a scattering matrix method. The total transmission coefficient versus
the reduced frequency exhibits strong resonant behavior due to the presence of the discontinuity. When the
height of the stub is larger than the width of the main
waveguide, the stop-frequency appears. The transmission spectra will vary periodically with the height
of the stub when only the zero mode is excited in
the structure. At low temperatures, the reduced thermal conductance decreases from the universal quantum value at zero temperature due to the scattering
of the mode 0 at the discontinuity. As the temperature increases, the thermal conductance behaves as
K/T ∝ T since higher modes begin to play a role. The
calculated results show that the total thermal conductance is also sensitive to the heights the stubs. From
these results, it is believed that by designing discontinuities in dielectric quantum waveguide may provide
available way to control the thermal conductance to
match practical requirements in devices.
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