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Abstract

We investigate the effect of the discontinuity on the acoustic phonon transmission and thermal conductance in a dielectric
guantum waveguide at low temperatures by using the scattering matrix method. It is found that the total transmission coeffi-
cient versus the reduced frequency exhibits strong resonant behavior. The reduced thermal conductance exhibits a universal
guantization at low enough temperatures, independent of the parameters of structure, and decreases below the ideal universa
value for the low temperatures due to the strong scattering of phonons by the discontinuity. A comparison between different
discontinuity structures is made. Our results show that the transmission coefficient and thermal conductance sensitively depend
on the geometric configurations.

0 2005 Elsevier B.V. All rights reserved.

PACS: 63.22.+m; 73.23.Ad; 44.10.+i

1. Introduction kinds of nanostructures, such as thin f{i&4], quan-

tum well [5], superlatticed6,7], nhanowires[8—10],

Thermal transport in nanoscale systems whose di- one—dlmensmngl glas{sll_], and nanotube{12—.14]
have been studied experimentally and theoretically. In

mensions are comparable (o or less than the Wave_recent ears, significant progress has also been made
length of thermal phonons has attracted intensive at- . y » SI9 Prog

tention during the last decadd,2]. The diffusive in the understanding of the ballistic phonon trans-
phonon transport and thermal conductivity in various port in the.se systems at IO‘.N temperatures. One of the
most striking phenomena is that theoretical analyses

of phonon transport predict a thermal conductakice
* Corresponding authors, that is independent of_the geometry and ngltgre of the
E-mail addresses: kegiuchen@iccas.ac.qi.-Q. Chen), material[15], and a universal valug /T = k% /3h
zgshuai@iccas.ac.dZ. Shuai). at low enough temperaturgss,17] These theoretical
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predications was then confirmed by Schwab eftla]
in tiny suspended silicon nitride devices. Their ele-
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only in the y direction so that the solution may be
assumed to be independent of theoordinate with-

gant experiment also showed a decrease in the thermalbut any loss of generality. We also employ the scat-

conductance below the universal value in low temper-
ature except for the universality of ballistic phonon

transport. This was also explained by Santamore et al.

in terms of the scattering of thermal phonons of sur-
face roughnesg 9,20] These works motivate further
investigations of the ballistic thermal conductance in
a thin plate[21] four-terminal mesoscopic dielectric
system[22], single-walled boron nitride nanotubes
[23], a curved wire[24], carbon nanotubg®5], and
SO on.

More recently, Li and co-workers calculated the

tering matrix method29-31] which is an effective
method to calculate the electronic or phonon transport
in one-dimensional or quasi-one-dimensional meso-
scopic systems. Our results show some interesting
properties of the phonon transmission and thermal
conductance in such a discontinuity structure, which
is very different from those presented in the other dis-
continuity quantum waveguid¢26,27]

In the next section, we present a brief description
of the model and the necessary formulae used in cal-
culations. In Sectior8, the results of the numerical

phonon transmission and thermal conductance in the calculations are given with analyses. Finally, we sum-
quantum waveguide structures with use of the scat- marize our results in Sectigh

tering matrix method26—28] Some interesting fea-

tures are revealed, such as acoustic phonon mode

splitting behavior ad the noninteger quantized ther-
mal conductance in an asymmetrjebranch three
terminal junction[28], and phonon transmission and

2. Modd and formalism

The geometry we consider is a narrow—wide—

thermal conductance can be controlled by adjusting narrow (NWN) wave-guide-like structure, as sketched
the parameters of the stub in a T-shaped waveguidein Fig. L The main part of the structure is a uni-
structure[27]. It is also found that the transmission form waveguide with transverse dimensidy. The
coefficient is of quantum characteristic in the wide- region Il consists of three parts: a segment of the main
narrow-wide (WNW) quantum structufgé]. In fact, waveguide, the lower, and upper stubs with longitudi-
all these structures can be classified as discontinuity nal dimension_. The heights of the lower and upper
quantum waveguides. In the present Letter, we use stubs arei; andhy, respectively. We assume that the

a scalar model for the elastic wavg$,19,21,22}o

investigate the phonon transmission and thermal con-

ductance in a narrow-wide-narrow (NWN) quantum
waveguide structure, schematically shownHig. 1
Here the discontinuity in the waveguide structure is

y
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Fig. 1. Two semi-infinite quantum wires | and Il with transverse
dimensionW, are connected by the cavity with length The trans-
verse dimension of the cavity #},. The heights of the lower and
upper stubs denote &g andhy, respectively.

temperatures in regions | and Ill af@ and T3, re-
spectively; and the temperature differerd@@ (87 =

T1 — T3> 0) is very small, i.e.§T « Ty, T3 [17]. So

the mean temperaturgé [T = (T1 + 73)/2] can be
adopted as the temperature of regions | and Il in fol-
lowing calculations. In the general three-dimensional
case, if the three regions have the same thickness,
which is small with respect to the other two dimen-
sions and also to the wavelength or the coherence
length of the elastic waves, there is no mixing of the
z modes and a two-dimensional calculation is ade-
quate[15,19,21,22]Considering imperfect contact at
the regions | and lll, the expression for the thermal
conductanc& at temperaturd is given by[15-17]

Ip= /mu

Heret,, (w) is the transmission coefficient from mode
m of region | at frequencw across all the interfaces

w eﬂha)
eBho _ 1)2

kBT2 1)



W-Q. Huang et al. / Physics Letters A 336 (2005) 245-252 247

into the modes of region Ilky,, is the cutoff frequency  verse dimensiofV; of region¢ by the energy conser-
of the mth mode;B = 1/(kgT), kp is the Boltzman vation condition
constant,T is the temperature; and is the Planck’s 2 2 o
. . . w m=i
constant. Here the integration is over the frequency kfnz =<5 T
of the modesn propagating in the structure. The ef- g2 W
fect of scattering is introduced through the transmis- | principle, the sum ovem in Egs. (5)~(7) in-
sion coefficient,, (w), which for continuity case (i.e.,
h1=hy=0), 1,,(w) = 1. The essential issue to cal-
culate the thermal conductance is then to calculate the

transmission coefficienti, (). evanescent modes into accountto meetthe desired pre-

Ads ldeSCL;]SSE:j in the |ntrodudct|0”(aj V\I’e u;_e the scalar iqion The matching conditions are determined by the
modef for the elastic wave, and model a thin geometry requirement of continuity of the displacementand

at low temperature so that a two-dimensional calcu- . stres€49u/dx at the interfaces I-Il and I1Ill
lation is adequate. Considering the horizontally po-

larized wave (SH) (polarized along thedirection) Wx=0y=u"(x=0,y), (8)
propagating in the direction, the displacement field

(7

cludes all propagating modes and evanescent modes
(imaginaryks,). However, in the real calculations, we
take all the propagating modes and several lowest

| [l
satisfies the wave equation [0 Cx, y)/8x]|x:0 =[x, y)/8x]|x:0, ©)
12 We=Ly)=u"(x=L,y), (10)
u
Fr 8, Vu =0, @ [eu" @ p/oex]|,_, =[0u" (. y)/0x]| _,. (D)
where the SH wave velocitysy is related to the mass ~ Multiplying Eq. (8) by ¢),(y), Egs. (9) and (10)
densityp and elastic stiffness constafijs by ¢}, (), and Eq.(11) by ¢!\ (v), respectively, and
then integrating ovey, we obtain the equations for
vsH = +/Caa4/p. (3) the coefficients in Eq¥5)—(7)required. After rewrit-

ing the resulting equations in the form of matrix, we
can derive the transmission coefficieft by the scat-
n-Vu=0, (4) tering matrix method29-31]

The stress-free boundary cations apply at the edges

with 7 being the edge normal. The phonon displace-
ment field equations in regian(regions I, 11, and II)

. . 3. Numerical resultsand discussion
can then be written in the form

N o To envisage the effect of the discontinuity on the
ub (x,y)= Z[gﬁ,elk’"(x*x‘) thermal conductance, we begin with the study of the
m=0 transmission coefficient through the structure, as de-
+hfne—ik,€1(x—x§)]¢§1(y)’ (5) picted inFig. 1 In the following numerical calcula-
tions, we always choose the parametévs= 12 nm
wherex; is the reference coordinate along thedi- andL = 12 nm, and employ the values of elastic stiff-

rection for regiory . g,, andh,, are constants to be de- ness constant and the mass derf88]: C44(GaAs =
termined by matching the boundary conditiop$(y) 5.99(1019Nm—2), andp(GaAs = 5317.6(kgm™3).

[¢: 1, 1, and 1ll] represents the orthogonal transverse  We first display the dependence of the total trans-
modem in region¢ mission coefficients on the reduced frequenagy for
different stub heights, in Fig. 2 Here,A = w11 —
J%cos%y (m #0), wm = mwvsH/ W) (vsh is the acoustic wave velocity in
by, (V) = - (6) structure) denotes the splitting of the cutoff frequency
W, (m =0); between thém + 1)th andmth modes in region I. As

_ o the stubs is absent, i.éi;y = hp = 0, the total trans-
ks, can be expressed in terms of incident phonon fre- mission coefficient shown in curvein Fig. 2(@) ex-
guencyw, the SH wave velocity;gH, and the trans-  hibits perfect transmission steps and an abrupt jump
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that atw — 0, the transmission coefficient approaches
unity and is independent of the sizes of the scattering
region Il (i.e.,L and W};), unlike the case of electri-
cal transport, where the transmission is always close to
zero when the energy of the incident electegn< g1

(e1 is the threshold energy of the lowest mode). The
reason is that the stress-free boundary condition allows
the propagation of the acoustic mode with— 0. As

to why atw — 0, the transmission coefficient is in-
dependent of the sizes of the scattering region Il is
due to that ato — 0, the wavelength of the phonon is
very large, and much larger than the dimension of the
scattering region, the displacement fieldecomes es-
sentially the same throughout.

An interesting result inFig. 2 is that the stop-
frequency, at which all phonons are reflected com-
pletely, is clearly visible whenw/A < 1.0. Further
Fig. 2. Total transmission coefficient as a function of the reduced calculations show thfit the stop-frequen_cy only occurs
frequencyw/A of the incident phonons for the different heiglts when one of the heights of the stubs is equal to, or
(a) Curvesa—d correspond to the different heights = 0, 1, 12, larger than the width of the main wir®;, and the
and 40 nm, respectively. Hetg = h. (b) Curvesa—d correspond number of the stop-frequency increases with increas-
to the different height#, = 0 1,6, and 40 nm, r_espectively. Here ing the heights of the stubs. However, these phenom-
hl.z 12 nm. .Two consecutive curves are vertically offset by two ena cannot be observed in the WNW quantum struc-
units for clarity. Hereafter, we always choo$%g = 12 nm and . .

L — 12 nm in calculations. ture [26]. This may be generally interpreted by the
fact that the total reflection is governed by the cou-
always locates just at an integer reduced frequency. pling strength of the propagating lowest-order mode
This is due to the structure becoming a continuity and the excited modes in region Il. It is known that
quantum waveguide. Whely and i, are increased  the coupling strength can be expressed by the overlap
to 1 nm simultaneously, the transmission plateaus are of the transverse functions of the incident wave and
observed to resolve into a number of peak-dip struc- the excited waves?,,, = fqb,'n(y)qb}l' (y)dy,wherem
tures, except the first plateau being almost unchanged.andn are indices of the transverse modes in region |
With further increase of the heights and &2, the and region I, respectively. When the lowest mode 0
transmission spectra display more complex oscillation propagates from the narrow region | through the NWN
behaviors (see curvesandd in Fig. 2(a)), and the guantum structure, more than one transverse mode can
lowest plateau also resolves into a peak-dip structure. be excited in the wide region Il. At this case, the over-
When the height is fixed (i.e., 12 nm), however, we lap of the transverse functions of the incident wave and
can see fronfrig. 2(b) that the total transmission coef- the excited waves are2oo = W,/ Wy, and Qq, =
ficient exhibits rather complicated oscillation behavior /2W /W, [sin(nzt (W, +h1)/ Wy) —sin(nzthy/ Wii)1/
ever for hp = 0, and also becomes more and more nr, (n # 0). Thus, itis possible that the total reflection
complicated with the increase é@b. These phenom-  occurs at certain frequencies only whéfy and i1
ena can be well understood. Increasing the heights  are large enough, at which sufficient excited evanes-
and/orhy leads to a lowering of the cutoff frequency cent modes in region Il interfere with the propagating
of the propagating wave along the stubs. Thus, more lowest-order mode. In the WNW quantum structure,
modes can be excited in region Il when the height of however, when the incident wave is only the lowest
the stubsiy and/ori, are higher. These modes will  mode 0, only mode O can be excited in the scattering
interfere with each other due to the multiple reflec- region Il, and so, the overla@oo # 0, andQq, = 0.
tion of the phonon waves in region Il. As a result, the This indicates that theresino coupling between the
more complex transmission spectra are observed. Notepropagating lowest-order mode and the excited modes

Total transmission
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Fig. 3. Transmission coefficients for the three lowest modes as a
function ofw/A: (@) for hy = hp =1 nm, (b) forky = hp =12 nm. Fig. 4. Transmission coefficient versus the heigptand the inci-
(al)—(a3) and (b1)—(b3) correspondtdy 71, andry, respectively. dent phonon frequenay/A, where A = w, 1 — wp = TvsH/ W

(vsy is the acoustic wave velocity in GaAs) represents the split-
ting of the cutoff frequency between tlie+ 1)th mode and thath
except mode 0. As a consequence, the propagatingmode in the region I. (a) foli; = hp; (b) for kg = 12 nm.

phonons cannot be reflected totally.

In order to further reveal the transmission prop- continuities have quite different effects on the individ-
erties, Fig. 3 illustrates the individual modal trans- ual modal transmission.
mission coefficients of the first three lowest modes.  To show more clearly the individual modal trans-
It is clear that for the incident modes with same in- mission properties, we study the transmission coeffi-
dexm, the transmission coefficient spectra becomes cient dependence on the height and the incident
more complex as the heightg and# are increased  phonon frequency/A for the mode 0 in the struc-
simultaneously. We can also find frolig. 3that the ture, as shown irFig. 4. It is clearly observed that
threshold frequency of the onset of transmission for as @ — 0, the transmission coefficients always ap-
each mode occurs just at the corresponding integer re-proach unity, and is independent of the heightThis
duced frequencyw/A. For the WNW quantum struc-  indicates that the phonons are not scattered by the re-
ture, however, the onset of transmission can be ob- gion Il due to the presence of the stubs for incident
served at the noninteger induced frequeagyt, and acoustic phonon witlw — 0, as it is aforementioned.
the interval of the jumps of two consecutive modes Fig. 4 also shows that the transmission coefficient ex-
is larger than one integer reduced frequengy at hibits a periodic pattern as a function kf. The pe-
certain parameters (see Fig. 3 in RE#6]). These riodic oscillating behavior is more clearly displayed
phenomena can be understood qualitatively by taking in Fig. 5and can be generally interpreted as follows.
into account that, due to different types discontinu- In region Il, the propagating and reflected waves hav-
ities, the coupling of the modes in the scattering region ing same wavenumbet,! = \/w?/v3,, — m2w2/L2,
is very different. In NWN quantum waveguide, the interfere with each other and form a standing wave
phonons propagate from a narrow region with very inside the stubs. The waves reflected by the stubs
sparse modes to a wide region with dense modes.will interfere with the propagating waves in the main
However, the reverse case is for the WNW structure. waveguide. When the phase shift between the inci-
These results indicate that the different kinds of dis- dent wave in the main waveguide and the reflected
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Fig.

different frequencies irfrig. 4 the dash-dotted, solid, and dashed
curves in (a) and (b) are fan/A = 0.3,0.6, and 1.0 inFig. 4(a)

and

wave by the stubs is just equal tas2, the transmis-
sion will be reinforced andp = 1; while the phase
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hz(nm)

5. Transmission coefficient as a function of the the heigtior

(b), respectively. (a) fdry = hp; (b) for k1 = 12 nm.

shift is (2n + 1)z, the transmission coefficientp,
is zero. Consequently, a periodic oscillation appears value of thermal conductanc&,/ T, approaches the

in the transmission spectra and the periad,, of

the

namely Ahp = 7/ ko = Ao/2. Moreover, it is clearly
seen fronFigs. 4 and hat the transmission features
for the case ofi1 andhy increasing simultaneously are
very different from those for the case b$ being in-
creased buk; fixed. These results may be helpful for

the

oscillation can be obtained fronkg\hy = 27,

design of phonon devices.
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Fig. 6. Thermal conductance divided by temperature reduced by the
zero-temperature universal valmgkl% /3h as a function of the re-
duced temperaturkg T'/h A for the different heightsi,. (a) is for

the total thermal conductance, and (b)—(d) for the thermal conduc-
tance of mode 0, 1, and 2, respectively. The dotted, dash, solid, and
dashed-dotted curves correspondito= 0, 3,20, and 30 nm, re-
spectively. Here we take; = ho.

ideal universal valuer k2 /3h, and is independent of
the heights of the stubs. We emphasize, again, that at
the T — 0, the wavelength of the incident phonons
is much larger than the dimensions of the region II,
the scattering of phonons by the stubs is negligible.
For a continuity waveguide (i.ehy = hp = 0), a ther-

mal conductance plateau appears at low temperatures
due to no scattering(ségg. 6(@)). With an increase of

Next, we turn to investigate the influence of the dis- temperature7, the plateau terminates and the value

continuity on the thermal conductanddg. 6 shows

of K/T linearly increases. This is because the higher

the thermal conductance divided by temperature re- transverse modesn(>0) are excited and contribute

duced by the zero-temperature universak2/3h as

a function of the reduced temperatutgl /i Asy for

different heightshy. Fig. 6(@) is for the total ther-
mal conductance, arféig. 6(b)—(d) correspond to the

to the thermal conductance at higher temperatures (as
shown inFig. 6(c) and (d)). This accords with the fact
that at a higher temperature the energy contributed by
each mode is given by classical equipartition and the

reduced thermal conductance of mode 0, 1, and 2, two-dimensional heat cavity is proportionalfd, and
respectively. It should be pointed out that the total so the value ofK/7T o« T. When the stubs exist, we
thermal conductance is the summation of the thermal can find fromFig. 6(a) that the reduced total thermal
conductance of the first six modes. It can be clearly conductance decreases from the universal value to a
seen fromFig. 6a) that at the temperaturé — 0

where only the lowest moden(= 0) is excited, the

minimum at low temperatures, then increases gradu-
ally with increasing temperature. FroRig. 6b), we
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find that the reduced thermal conductance of mode 0 2
is a constant for the continuity waveguide, and the
change is same as that of the total thermal conductance, , 5
when the heights of the stubs increase. The upturn in £
the reduced thermal conductance of modexQ,T, :
arises from the reduced scattering as the wave vectors
of mode 0 increase with temperat(it®]. On the con-
trary, the reduced thermal conductance of the higher
modes (i.e.m = 1,2, 3,...) increases monotonically
with temperatures (sekig. 6(c) and (d)). Thus, the
scattering of the mode 0 is responsible for the decreas-
ing of the reduced total thermal conductanKe¢T,

but the subsequent increase is due to the combined
effect of the mode 0 and thermal excitation of the * ¢,
higher modes. Moreover, we find froFig. 6(b)—(d)
that the reduced thermal conductar€gT decreases
with the increase of the index. By calculation it is 0 05 1
found that the reduced thermal conductance of mode 6 Reduced Temperature Reduced Temperature

is very small over the whole temperature range exam- »

ined. Therefore, we take the summation of the thermal Fig. 7. Thermal conductance divided by temperature reduced by the

. . zero-temperature universal valm@kl%, /3h as a function of the re-
conductance of the first six modes as the total thermal ;.4 temperaturé T /A for the different heightsis. (a) is for

conductance. the total thermal conductance, and (b)—(d) for the thermal conduc-
It is also obvious fronFig. 6(a) and (b) that with tance of mode 0, 1, and 2, respectively. The dash-dotted, dotted,

an increase ofi; and/so simultaneously, both the re- dashed, and solid curves correspondéi4e=0, 9,12, and 15 nm, re-
duced total thermal conductance and the reduced ther-SPECtVel Here we takey = 12 nm. Note that the dashed and solid
mal conductance of mode R,/ 7', shift down, and the curves in (d) are almost superposed.

change is more sensitive to the smalter At higher

temperaturesx 0.14), however, a reverse case occurs over the whole reduced temperature range examined
where the reduced thermal conductance is increased(< 1.0). These results originate from the significant
with increasingi2 when the height, > 20 nm. Fur- reduction of the total transmission coefficient due to
ther calculations show that whekp > 30 nm, the strong scattering of phonons by the stubs, as shown in
variation of the reduced thermal conductance is very Fig. 2

03

0.2
0.3

Reduced K/T

0.1
0.1

small. FromFig. 6(c), we find that with the increase When fix k1 = 12 nm, there is no thermal conduc-
of hp and iy, the valueK /T of mode 1 decreases tance plateau, even fan = 0, as shown irFig. 7(a).
first, and reaches a minimum whép= h1 = 20 nm, At low temperatures< 0.2), the reduced total ther-

then increases until; > 30 nm. However, the depen- mal conductance decreases with increasiag and
dence of the reduced thermal conductance of mode 2the change becomes more and more slower as the
on h1 and hy is rather complicated: the valug/T height 22 is increased. When the reduced tempera-
varies between the valués = h1 = 20 and 30 nm. ture is higher £ 0.2), at small heightio <9 nm,
These results indicate that the temperature dependencehe conductance decreases due to the reduction of the
of the thermal conductance of different modes is very phonons transmission with increasihg At interme-
different due to the different coupling strength be- diate height, 9< h> < 12 nm, the conductance in-
tween the incident modes and the scattering modescreases as the height is increased. With a further

for different indexes of the modes and temperature. increasing of the heiglity, the conductance decreases
The striking feature irFig. 6 is that when the stubs  with increase of the heighiio. Further calculations
exist, the values of the total and individual thermal show that wherio > 15 nm, the change of the total
conductances are much less than that in the conti- thermal conductance is very small. In order to explore
nuity case, indicating that the scattering is important these phenomena, we also present the reduced thermal
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