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In the present work, through the path integral of Gaussian type correlation function, a new formalism
based on Fermi-Golden Rule for calculating the rate constant of nonradiative decay process with
Duschinsky rotation effect in polyatomic molecules is developed. The advantage of the present
path-integral formalism is promoting-mode free. In order to get the rate constant, a “transition rate
matrix” needs to be calculated. The rate constant calculated previously is only an approximation of
diagonal elements of our “transition rate matrix ”. The total rate should be the summation over all the

matrix elements.
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1 Introduction

Radiationless processes play essential roles in chemical
processes in excited states!'). The rapid radiationless
transitions of electronic states of like multiplicity are
defined as “internal conversion” (IC)[z]. A general theory
of IC” ™7 has been established based on displaced har-
monic oscillator approximation. Duschinsky rotation
effect (DRE) on IC process for polyatomic molecules
has been developed for limited mode-mixing™®”!. Two
assumptions have been made here that (i) a specific vi-
brational mode, called promoting mode, should be iso-
lated from all other modes and it consists of the sole
contributor for the electronic coupling term, and (ii) this
promoting mode in the final electronic state is not dis-
placed, distorted, nor mixed with respect to the initial
electronic state.

DRE has also been investigated for absorption and

10-21 . . .
[ 1 Based on vibration correlation

22]

emission processes
function path integral method, Ianconescu and Pollak!
have investigated the photoexcitation cooling effects.

The path integral formalism of correlation function is
extremely convenient, through which Peng et al.***¥
have put forward a fully analytical formalism to calcu-
late IC rate constant with DRE for any number of mode
mixing in one compact form. When coupled with first-
principles calculations, photophysics of the exotic buta-
diene derivatives have been rationalized.

It should be noted that the formalism developed by
Peng et al. is still based on the assumption of one pro-
moting mode. The concept of promoting mode for a
general molecule is quite arbitrary and can be mislead-
ing sometimes. For small molecule, it is possible to find
one promoting mode, which contributes the most to the
electronic coupling term, namely, the overlap of the first
derivative of one electronic wavefunction with respect to
the vibrational mode with the other electronic wave-
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function. However, for complex molecule, there can be
In principle, any mode
Thus,

several “promoting modes”.
could be promoting mode.
should be removed.

In the present work, we will completely abandon
the promoting-mode conception by presenting a gen-
eral formalism. Based on path integral formalism of
correlation function with Fermi-Golden rule, we de-
rive a new promoting-mode free rate formalism which
contains DRE. This advancement again manifests the
robustness of the path integral framework.

such assumption

2 Formalism

2.1 The general expression of rate constant of IC

Suppose a molecule is in excited state|iv;), and decays
to final state | fv,) through IC process. Here, i and f
indicate the initial and final electronic state, respectively.
Vi = Wi Vinst s

vibrational quantum numbers of the initial electronic

Viaa_e) 1s a set of variables representing

state. For n atoms, there are 3n—6 (3n—5 for linear
molecule) normal modes. With adiabatic approximation,
the initial state and the final state can be described by a
product of electronic state and vibrational state as fol-
lows:

|lv |® > i>|/¥ivilliv,2 .”li"isn—6>’ 1)

and

|fo>E|(Df>‘€‘)fv,.>:|CI>;‘>‘)(]‘V/17(;'V/2 ”'vam,,,é>a (2)
where |®;) and |®w’_>denote the electronic state and
(3n—6)-vibrational mode state. | Xiv, ) and | ;(fvﬂ) are

eigenstate of 1-vibrational mode harmonic oscillator
hamiltonian.

v Llia L5 Y
H, =5(P +0;0; ), Hy = 2(Pﬂ +w},Qﬂ), 3)
P and O are mass-weighted nuclear normal momen-

tum operator and normal coordinate operator, respec-
tively:

2 el
e 00

The eigenfunctions of Eq. (3) are
Xiv, Q) = <Q,'k |Ziv[k > > Xfoy ©Qp)= <Qﬂ ‘vaﬂ > (5)

The eigenvalues are

P, =—ih
1l

" )

1
EiV —( lk+2jha)k, EfVﬂ :(Vﬂ +Ejhﬂ)ﬂ.

The initial state normal coordinate Qy and the final
state normal coordinate Oy are related by Duschinsky
rotation matrix S;.r and a mode displacement D, _

Hereafter, the variable of bold face represents square
matrix and the variable with underline represents col-

umn vector.
3n-6

Oy = ZSzefleﬂ'i_ Dic 1k> (6)
here ;s is an orthogonal rotation matrix and D, _ y is a

displacement vector between the minima of the initial
state and final state parabolas. Starting from Eq. (6), we
can get the inverse transformation of Duschinsky matrix
and the displacement vector as:

Spei= Siif Szef’ (7
QfH‘ = _Sfei_ief‘ )

In the next part, we will conveniently abbreviate S;. ¢
and D, stoSand D.

Based on Fermi-Golden rule, the rate constant of
nonradiative transition is given by ref. [2]:

%Hm:%ZZ&mWM#WY

S(Ey +E, —Ey, ), )

where
BE,, -BE,, ~BE,,
" P

H k Z V= ”/‘ Hk ik iv

represents the Boltzmann distribution function of the
initial vibronic manifold. £, = E; - Eis the electronic

(10)

transition energy. E;, = Z . Ein, 1s the total vibrational

energy of the molecule. kp is Boltzmann constant and

B = kD)

. The matrix elements of the Born-Oppen-

heimer term H' are given by
a(Di ae)[vi
09y 90y

!
2

1 0 ®iV»

Y

As discussed first by Lax!®), if the derivative of the ini-
tial electronic state varies slowly with the vibrational
coordinate Oy, we can apply the Condon approximation.
Under this condition, the second term on the right-hand
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side of Eq. (11) can be ignored. By virtue of Eq. (6), we
can rewrite (11) as:

A —hzz<q) 05,
; .

aq)i a®ivi
00, 00,

.00,
-1y (D0, 9P\ (1)
I\ "100; 00

Eq. (12) shows that we can choose the derivative with
either Oy or O;;. Applying Frank-Condon approximation,
and substituting Eq. (4) into Eq. (12), we have

<fvi ‘I:I"ivi> - le<q>f ‘ﬁf,‘q),.><®fw Byle,, > (13)

In the previous work of Lin et al® and Peng et
(23,24
al.

], Eq. (13) has been simplified with the assump-
tion that the initial state electronic wave function ®(Q,,)
depends only on the promoting mode Q,,. If we apply
this assumption, Eq. (13) would become

<q>f\1§ﬂ\q>,.>:o for 1+ pr, (14)
so that only the term of promoting mode left.
<fv,. |7 ivi> - <q>f 12, qn,.><®fvf Pyles > (15)

In the present work, this assumption will be aban-
doned. All of the terms in the summation (13) will be
included. Substituting Eq. (13) into Eq. (9), we have

WyeiT)= ;W;‘;i,z,c (7). (16)
where |
Wf:—i,zk ()=
Z%Rl{ L Z e M P”[ O(Ey +E, —Ej . ), (17)
R =(@ By @, ) (@, By |, ), (18)
Bl =(05, [i]en ) oy [Pales, ). (9

The superscript f* of W%;—i,lk(T)’Ri/lz and P/ indi-
cates the derivative with respect to the final vibrational
state coordinate, 0/0Q; We call W/ _,,(T) the transi-

S,
tion rate matrix. In principle, both the diagonal and the
off-diagonal elements of the transition rate matrix
should be maintained. The previous formalism contain-
ing only one diagonal element is a promoting-mode ap-
proximation.

In order to get vibration correlation function, we ap-
ply Fourier transformation to the Dirac-delta function as

usual,
_ 1 (> iEyt i(E, —Efv/; )T
S(Ey+E, —Eyz, )= ELO dree . (20)

where 7 =¢/h. Then, Eq. (17) can be expressed as

: 1 . -
W= REVi @21

where

v = J‘j; dop) (rf,z'i)eiE”‘T, (22)

_ 1

Pic(®ps7) = —=pii (5.7, (23)

D D 7ﬂEivl-
Pt = 2 (0, |Pal@n, (0 [Prles,
Vi,V

oV
ei(Eiv,» —E/V/ )T

il
= Z <®./’i’/ e Tty Pﬂ ®iv,»>
Vi Vs
_it.H. P
<®iv,- e 'Pfk‘var>

A it H, oA _iil;’i
zz<®ﬂ_/,‘Pfke i e ‘@if”>

Vf
=] By B, (24)
T, =T,7, =T (25)

p,f,; (ts,7;) is the correlation function. We note that in

the previous formalism of Lin et al.”®], the promoting
mode in the final electronic state is not displaced, dis-
torted or mixed with the initial electronic state coordi-

nates. In this case, y, will be separated from ©,, ,

5! 8
0, = Xiv, s, »and o (tr.7) becomes'"

P (z,.7) =
2

2

. — = _
ZKZfV” Pﬂ|livu>‘ K@fv_, ®ivl> e
VisVy

In the next section, we will show that with the path
integral of Gaussian type correlation function, it is

ﬁEivl ei(Eiv, 7Ef\"/ )T ) (26)

straightforward to obtain p/,i (ry,7;) without defining
the promoting-mode at all.
2.2 Analytic solution

We use x;, y;, zj, u; to represent normal coordinates of
final state, and use my,n; to represent normal coordi-

nates of initial state. /=1---3n—6. Tracing over the
final-electronic-state coordinates, we have
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A —[11:1 A i
Pfke A fPﬂe 17,41,

)
)

><n K. @

p{,;(rf,ri)=jdz<£

—ir H
e [

~ [ dxdydzdudm'an’(x|Py ) <X

z>(z|m’)< ’

A

Py

(2]

Notice that

—11 H

<£‘ﬁfk‘z> ==ihd' (o =yl 1,0 [ 60 =70 ] (28)
—ie H, |\ det(a,)
<X‘e / ,£>_ Qnin)N

{ y ", y+2"b,z ) ZTafg}}, (29)
rlz

(u|m’)y=6[m'-u] 5[@'—(Sg+l_))], (30)
where
ay =@y /sin(heyt;), ag =4 /sin(hogz,),  (31)
by = ay /tan(hayt;), by = oy [ tan(hogz,),  (32)
where a, is a diagonal matrix with a; as its diagonal
element, etc.

Then Eq. (27) turns out to be
PACIRAE

det(a;a,) y
\/ rin)*Y
J‘dgd)_/ [bkak —ag Vi J [MZ —Nx+ QTESJI

xexp{h[;( TBx+yTBy) AX

+D"ES(x+y)+D"ED . (33)
Let us define new variables
M=S"b,S, (34)
N=8"as$, (35)
E=b,-a,, (36)
B=b, +8bS, (37)
A=a +S"a8S. (38)

Then
[b/kxk —ag Vi ] [M)_/ —Nx+ QTESJI
= +x;by [My ] b [Nx], + 3,0, | D'ES |
= —viag [ My ], +yay [Nx], - va, [QTES],
G G X X
(i b HEE A

=z'Guz+Hjz, (39)

where
L=l )] (40)
0
Gy =| bp[STas| |, (41a)
0
0
Guio=|ba[STDS]| |, (41b)
0
0
Guor =| a5 [STaiS]lak; 2 (41c)
0
0
T
Gus =| ~ap[S'BS], @414)
0
and

where [Srais]l%k : is the /th row of [STaiSJ . We mul-

tiply it with —bg, , and insert it into the kth row of

Gy11 - The rest rows of G, are null.
[07es]
>k

[QTES]. Similarly, we multiply it with by, and then

is the /th element of row matrix

insert it into the kth column of A, li,l . The rest elements
of [Ijﬁﬂ are null.
Define a (6n—12)x (6n—12) matrix K and (6n—12)x 1

column matrix F
B -A
K= { } , (43)
-A B
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F'=[D"ES D'ES], (44)
then Eq. (27) becomes
det(a;a ;)
Qi)

exp{g[%zTKz +FTz +DTED}}

= /%ﬁg) {ihTr[G,kK—‘]—

HIKF+[KTE] G, [K*E]}.

P 7T = Idg(gTle£+[jl££).

exp{%{—%]_ﬂK—llj#QrEQ}}. (45)

Note that \/det(aiaf)/det(K) /Zl-v =1 without distor-

tion and Duschinsky rotation. In general, the determi-
nants in the prefactor in the above formula should be
handled with special attention on the complex number.

If we consider only one diagonal term p,-f (z/.7;)

in Eq. (45) with / being the promoting-mode, and we
assume that this mode is decoupled from all other
modes, namely,

0
0
S=(0 oS, 0 - 0], (46)
0
- 0 .
then (41a—d) and (42a,b) become
0
Gy =S| —aubsS;, |, (47a)
0
0
Gy =Sy| bubsSi; | (47b)
0
0
Gyoi =S| apa;S;; |, (47¢)
0

0
G =Sy | —anbiS, (47d)
0
and
Iililzsll[”' 0 bﬂ(bil_ail)Dl 0 ]: (48a)
I_J;J:S”[m 0 _a_/k(bil_ail)Dl 0 }, (48b)
where S; in (47a — d) takes the form as

[0 e 008, 0 - ()]'

Substituting these into (45), one can immediately re-
alize that it is the same as the previous result of Peng et
al.’]. Note that even though the promoting-mode is not
mixed with other modes, it is displaced, D; =0.

2.3 Electronic part of the rate of IC

Based on the lowest order perturbation theory, the vi-

bronic coupling term<(Df‘}3ﬂ‘CD,.>is given by refs.

[8—23]:
. o | \ (@} or/ao,lef)
_’h<q’" @q’>h E(0f)-E(®})

where V' denotes Coulomb interaction potential between

(49)

the electrons and nucleus. ‘CD?> is the electronic eigen-
state at the equilibrium geometry of the ground state,
and

v - 0 7,

00, - aaaQﬂ |1' -R |

__zz Z, e’
aQﬂ aRUj Ir, —R,|

o j

1 5%, Z e (aj Ro‘j)

=_§§JMG 05 |r,~R,[
FZL/ZUJ oj*

here r,and R,; are the Cartesian coordinates of the elec-
tron « and the nucleus o, respectively. M, is the mass of
the nucleus o. g4 is the mass-reduced Cartesian coordi-

o

(50)

nate of nucleus o. L;,; =0q,;/00, s the mass-re-

duced displacement of mode [ And E,;=

3
(z/ Uj |I‘ o‘

electric field operator for the nucleus o.
Then

is the jth component of the

a
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(@} |ov/o0,|@f) -

FZL,,UJ <CD |E0j|d)?>z

J—ZLﬂ oiErcioss (51)

where E, ;. is the transition matrix element over the

one-electron electric field operator at atomic center
o.Ly,;and E,_, . can be obtained from ab initio

programs such as Gaussian or Molpro.

3 Conclusion

In the present work, we have proposed a more general
formalism to derive the nonradiative decay rate from the
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